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Abstract 



We calculate relativistic phase-shifts resulting from the large impact param- 
eter scattering of 0-branes off p-branes within supergravity. Their full functional 
dependence on velocity agrees with that obtained by identifying the p-branes 
with D-branes in string theory. These processes are also described by 0-brane 
quantum mechanics, but only in the non-relativistic limit. We show that an 
improved 0-brane quantum mechanics based on a Born-Infeld type Lagrangian 
also does not yield the relativistic results. Scattering of 0-branes off bound 
states of arbitrary numbers of 0-branes and 2-branes is analyzed in detail, and 
we find agreement between supergravity and string theory at large distances 
to all orders in velocity. Our careful treatment of this system, which embodies 
the 11 dimensional kinematics of 2-branes in M(atrix) theory, makes it evident 
that control of 1/n corrections will be necessary in order to understand our 
relativistic results within M(atrix) theory. 
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1 Introduction 



The realization that the Ramond-Ramond p-brane solutions to the N = 2 supergrav- 
ities in ten dimensions have weak coupling descriptions in string theory as D-branes 
has substantially sharpened and extended the understanding of non-perturbative du- 
alities relating string theories. The equivalence at large distances between p-branes 
and Z)-branes was originally established by considering static forces [ffj and subse- 
quently by scattering various probes off these objects For example, the large 
impact parameter scattering of D-branes off D-branes has been analyzed in string 
theory by evaluating the cylinder exchange diagram 0, ||. The resulting amplitudes 
are valid even for relativistic velocities, but the analogous processes in supergravity 
have only so far been calculated in the non-relativistic regime. In this paper we extend 
the classical results and show that, as expected, the equivalence between p-branes and 
D-branes continues to hold in relativistic processes. Although conceptually this agree- 
ment is a simple kinematical one, it nevertheless involves rather non-trivial functional 
dependences on the velocity of the probe. 

D-branes also serve as probes that sense spacetime at distances smaller than the 
string scale || ||, 0, ||. The identification of the new, shorter length scale as the 
Planck length of 11 dimensional supergravity is particularly interesting in view of the 
relationship of the string theories to 11 dimensional supergravity and its conjectured 
quantum description as M-theory || fLOR . This has led to the proposal that M- 
theory in the infinite momentum frame is defined non-perturbatively by M(atrix)- 
theory, identified as the n — ► oo limit of the SU(n) quantum mechanics describing a 
collection of n DO-branes JTT|. An important test of this proposal is the recovery of 



the supergravity scattering amplitudes at large impact parameter and small velocities 
from a description using only light open strings. However, as we shall show in detail, 
this agreement does not immediately extend to the complicated relativistic velocity 
dependence. 

The disagreement we discuss is a direct consequence of the Galilean, rather than 
Lorentzian, invariance in the effective SU (n) quantum mechanics. A suitable resum- 
mation of the open string theory might lead to a matching with supergravity. So we 
consider 0-brane scattering in the context of an improved Lagrangian - a supersym- 
metrized nonabelian Born-Infeld action that is manifestly relativistically invariant. 
However, we find that this simple remedy is not sufficient to recover the relativistic 
expressions for the brane scattering phase shifts. 

If complete, M(atrix)-theory should be able to reproduce the relativistic velocity 
dependences discussed in this paper. At leading order in velocity, M(atrix)-theory 
relies on a high degree of supersymmetry as well as properties of light-cone kinematics 
to reproduce supergravity results at large distances. We will find that, even when 
these effects are taken into account, an apparent disagreement at sub-leading orders 
in velocity persists. In other words, the correct relativistic kinematics require either 
a substantial modification of the M(atrix) Lagrangian or a highly non-trivial role of 
interactions. This conclusion is not surprising as relativistic invariance is known to 
be subtle in M(atrix)-theory, if present at all. However, it is reached here from a new 
point of view that may be helpful for the understanding of M(atrix)-theory dynamics. 
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The paper is organized as follows. In Sec. ^| we present the relativistic supergravity 
phase shifts for scattering of 0-branes off p-branes. In Sec. || we recall the full string 
theory results for the same processes, as well as their truncations to the lightest 
open and closed string modes. Finally, we discuss as yet unsuccessful attempts to 
reproduce our relativistic results from M(atrix)-theory by employing, in Sec. |], a 
supersymmetrized nonabelian Born-Infeld action and by carrying out, in Sec. [5|, the 
highly boosted M(atrix) kinematics. 



2 Semiclassical Results 

In this section we consider the large impact parameter scattering of a 0-brane probe 
off a p-brane target. The forces between branes arise from exchange of gravitons, 
dilatons, and, in the case of a 0-brane target, RR photons. We find the phase shifts for 
the scattering by lifting the process to 1 1 dimensions where it is purely gravitational: 
the probe 0-brane is a plane-fronted wave, and it simply follows a null-geodesic. 
This 11- dimensional interpretation of the scattering of branes greatly simplifies our 
calculations. We will completely neglect the backreaction of the probe 0-brane on the 
background geometry. The trivial kinematical backreaction could be accounted for 
by using the appropriate reduced mass but we will simply assume that the target is 
much heavier than the impinging probe. Another class of corrections corresponds to 
radiation emitted during collision. Such processes could be estimated semiclassically 
within the supergravity theory, but their reliable calculation is only possible in the full 
string theory. Fortunately radiative corrections can be neglected even at arbitrarily 
high impact velocity as long as the accelerations remain small. This is certainly the 
case when the impact parameter is large as it is in the situations that we study. 
Another interesting effect also beyond the semiclassical approximation is inelastic 
scattering exciting the internal structure of the target. This too is expected to be 
highly suppressed for large impact parameter scattering. With these limitations we 
shall find phase-shifts for 0-brane p-brane scattering that are valid to leading order in 
the impact parameter and to all orders in the probe velocity. The semi-classical phase 
shifts are derived from supergravity using the Hamilton- Jacobi formalism described 
in the next section. 



2.1 The Hamilton- Jacobi method 

The Hamilton- Jacobi functional S is a classical functional of particle path in the 
classical background. It is convenient to consider it as an ordinary function that 
depends on a single spacetime coordinate and a number of conserved quantities. The 
entire trajectory is defined by the requirement that it passes through the spacetime 
point, and the conserved quantities parametrize the space of such trajectories. The 
function S can be interpreted as the phase of a semiclassical wave function and is 
computed by solving the Hamilton- Jacobi equation: 

9 a ^^ + m 2 = 0. (1) 
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This is simply the usual kinematical relation between momentum and mass and it is 
convenient to make this manifest by introducing 



Po 



OS 

dx a 



(2) 



The Hamilton- Jacobi equation can be solved explicitly with conserved quantities 
emerging as integration constants. A parametric form of the trajectory then follows 
by differentiation with respect to the conserved quantities [0, [13| . 



We wish to compute S, the phase of a semiclassical wave function for the scattering 
of 0-branes from p-brane backgrounds. A p-brane in 10 dimensions is described by 
the background [O, [TR |3fl : 



ds 2 

-2^10 



p+2 

D n 



D P 2 



-dt 2 + dx\ + 

P-3 

Dp 2 

dt A dx\ A • • 

1 " 



+ dx\) + Dp 2 (dx 2 p+1 + ■■■ + dxl) 



dx p A dx^ 



r 7-p 

This solution can be lifted to 11 dimensions as: 

,2 



ds u 



4<t> 



3 ds 10 + e 3 (dxn 



(3) 

(4) 
(5) 

(6) 



(7) 



where is a Kaluza-Klein gauge field, interpreted as arising from 0-brane RR charge 
in 10 dimensions. A three-form field C is induced for p = 2, 4 but we will not write 
it explicitly because the 0-brane probe does not couple to it. A 0-brane scattering off 
a p-brane in 10 dimensions follows a null geodesic in the 11 dimensional background 
(Eq. [7]) with some fixed momentum along the compact 11th dimension. The phase of 
the semiclassical wave function of the probe 0-brane is therefore given by solving the 
Hamilton- Jacobi equation (Eq. [I]) with m 2 = 0. 



2.2 0-2 

As a first example of this formalism, we find the semiclassical phase shift for the 
scattering of 0-branes from 2-branes. The 2-brane background lifted to 11 dimensions 

ds 2 u = D 2 3 (-dt 2 + dxj + dx l) + D i {dxl + ■■■ + dx 2 n ) (8) 

The coordinates are labelled (t, X\, x 2 ■ • ■ x 9 , in) and D 2 = 1 + % where r 2 = x\ + - ■ ■ + 
x\. An elementary 2-brane in M-theory has identical form but with the harmonic 
function D 2 = 1 + ^. The expression used here is recovered by averaging over 
the 11th dimension as appropriate for scattering at large impact parameters from 
a compactified brane. We consider only paths that do not depend on coordinates 
parallel to the brane, here x\ and X2- 

The classical trajectory of the probe 0-brane in 10 dimensions remains in one plane, 
due to angular momentum conservation. One angular variable named 6 therefore 
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parametrizes the trajectory. In this coordinate system the Hamilton- Jacobi equation 
reads: 

The equation can be solved by separation of variables. Conserved quantities 

f - - 

^TT = Pn (11) 
appear as separation constants. It is then elementary to solve for 



S=-Et + J9 + pnx 11 + f drsj D 2 E 2 - p 2 u - ^ (13) 

The classical trajectory is found in parametric form by differentiating with respect to 
E, J, and pn: 

r , d 2 e , . 



D 2 EZ-p> n 



j 2 



—, = = r2 (15) 



r 2 JD 2 E 2 -p\ l 



-2 



x 11 = r dr ; Pn (16) 
^2-^ - Pn - 72 

The indeterminate lower limits parametrize the arbitrary origin of each cyclic coordi- 
nate. We will not need these explicit expressions but it is of conceptual importance 
that the classical motion is present in the formalism. 

A scattering phase shift, conventionally denoted 28, is obtained by subtracting 
from S of Eq. [13| the phase accumulated by a 0-brane with the same conserved charges 
moving in a flat background: 



'02 



00 

dr 




(17) 



(The factor of 2 in 28 was cancelled by the integral from 00 to r min along the incoming 
part of the trajectory). As written, the lower integration limit r min in Eq. [17] is the 
classical turning point where the square root vanishes. The notation is formal because 
r min generically takes different values for the two terms which refer to motion in curved 
and flat backgrounds. However, we will only use Eq. |I7] in the regime of the eikonal 
approximation where the energies are so large that the scattering angle remains small 
and r m ,„ can be taken to be the same for both terms. 
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2.3 0-4 



Using the same techniques as in the previous section we can derive the phase shifts for 
0-branes scattering off 4-branes. A 4-brane in 10 dimensions is lifted to 11 dimensions 

as: 



D A 3 (-dt 2 + dx\ H h dx\ + dx 2 u ) + D| (dx 2 5 H h da; 



where -D4 = 1 + ^. This is a 5-brane in M-theory, averaged over one parallel dimen- 
sion. The corresponding Hamilton- Jacobi equation is: 



Da 



,dS_, 
' dt ■ 



+ 



,0S\ 
1 dr ' 



+ 



}_,dS_s 



+ D 4 



dS 



dx 



11 







(19) 



Conserved quantities are introduced as in Eqs. [TO- 112 and the Hamilton- Jacobi func- 
tional follows by quadrature, as before. The phase-shift becomes: 



dr 



J 2 



J 2 



D 4 (E 2 -p 2 1 )---\E 2 -p 2 n -- 



(20) 



2.4 0-0 

The 0-brane lifts to: 



ds^ = —dt 2 + dx\ + 



where Dr 



1 + 



c/o 



+ dx 2 u + (D - l)(dt + dxu) 



(21) 



This metric represents a gravitational wave in 11 dimensions, 



averaged over its longitudinal direction. Alternatively it can be interpreted as a 
Schwarzchild black hole in 10 dimensions boosted by an infinite amount with the black 
hole mass taken to zero as the boost parameter is taken to infinity. The Hamilton- 
Jacobi equation for another 0-brane propagating in this background becomes: 



,dS„ 



+ 



1 ,dS, 



+ 



dS 



dt dr r 2 d6 dx 11 ' 



(D l)( dS 9S ) 2 







(22) 



Again the conserved quantities are Eqs. [To|-[l2l. Note that in this case, unlike the 
previous ones, the relative sign of E and pu matters. Identical signs give brane-brane 
(0 — 0) scattering and opposite ones give brane-anti-brane (0 — 0) scattering. The 
phase-shift becomes: 



dr 



E 2 



P?i 



- + -(E TP n) 2 



! E 2 



2 J2 

Pu ~ ~T 



(23) 



Here the upper (lower) sign corresponds to — (0 — 0). 



2.5 0-6 

The manifestation in 11 dimensions of a 6-brane in 10 dimensions is the Kaluza-Klein 
monopole: 

ds 2 ^ = (-dt 2 +dxl-\ hdxl)+D 6 (dx 2 +dx 2 8 +dxl)+D 6 1 (dx u +q 6 (l-cos6)d(f)) 2 (24) 
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where D e = 1 + — . In this case the scattering is three dimensional, as we shall explain 
below. We employ spherical coordinates with 6 = in the initial state and we would 
have 6 = tt in the final state if there were no scattering. The azimuthal angle <fi is 
<p = in the initial state. The Hamilton- Jacobi equation is: 



,dS. 2 „. lr ,dS. 7 1 ,dS, 2 1 ,dS 



Or 



r 2 06 



OS .n. — . OS ,o 



11 • 



"Ox 



ii 



(25) 



Here 6 is not a cyclic coordinate so the obvious separation constants eqs. |10|-|TT| and 

OS 

0j =P * 

must be supplemented with 



(26) 



J 



06' 



+ 



sin 2 



- gaPn(l - cos6>))' 



(27) 



instead of eq. 12|. The Hamilton- Jacobi functional reads: 



3 = -Et + + Pnx 11 + /" J Jj 2 



sin'fl 



9ePii(l - cos6»)) 2 



+ | r rfr Jd 6 E 2 -D 2 P 2 u 



J 2 



(2f 



The 0—6 scattering is more complicated than previous cases because the orientation of 
the orbital angular momentum is not conserved. However, its magnitude is conserved 
and the total angular momentum vector is maintained by the electro-magnetic field 
responsible for the interaction between the monopole and the charge. There is still 
no loss of generality in choosing coordinates such that p^ = and it is convenient to 
do so. However, taking derivatives with respect to p^ before setting it to zero, we see 
that the trajectory in coordinates is non-trivial and the motion accordingly non- 
planar, as expected when the direction of orbital angular momentum varies in time. 
Note that p^ is the canonical momentum rather than the kinematical one; so it can 
vanish even when there is motion in the 6 direction. The final state has <t>t 



| and 



cot 



j 



. This can be shown explicitly by carrying out the relevant integrals. 
(Remarkably, this also follows using nothing but angular momentum conservation.) 
These details are not relevant for what follows and mentioned only for completeness. 
The phase-shift is given as: 



5, 



06 



2 Jo 



+ 



de 



dr 



J 2 - q 2 p 2 n tan 2 ®- - J 



+ 



I d 6 e 2 -d 2 p 2 1 -^-Je 2 -p 2 11 -^ 



(29) 
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2.6 The Eikonal approximation 

The conserved quantities are related to initial conditions through: 



E = /io^i=^ (30) 

Pn = Ho (31) 

Pio = IM> 7= 5 (32) 
J 

Pio 



6 (33) 



where /x G is the probe 0-brane mass, v is the probe velocity, and b is the impact param- 
eter. For convenience we also introduced the auxiliary quantity pxo, the magnitude 
of 10-dimensional momentum, defined through E 2 = pf + p\\. Eq. [33| equates the 
angular momentum denoted J with the magnitude of the orbital angular momentum 
fx p. In the — 6 case a careful distinction was made between particle angular mo- 
mentum and total angular momentum, but conventions were chosen so that Eq. |33] 
remains valid in this case. 

The eikonal approximation is valid when the interaction is a small perturbation 
in the sense that the two square roots in the expressions for the phase shifts are 
comparable. Then the first square root can be expanded and the lower limit can be 
taken at r m j n = b. For example the phase shift Eq. becomes 

*o 2 * (34) 



2 Jb r5 M^ 

U J 2 (35) 



where 



r°° 1 1 r(^=2) 

W„ "V^W = 5^r(Sj ' (36) 



The substitution z 2 = r 2 — 4p is helpful in the intermediate step. Analogous calcu- 
lations in the other cases yield 



1 (1 =F y/l - v 2 ) 2 1 

5oo ^ ; W + ^ 2 J t^/o SB/BA (37) 

2 vyl — f 0° 

5 04 ~ -^ ^=L=-J 4 (38) 
1 2v 2 — 1 

^06 ^ /q— =y J 6 (39) 

^ f V 1 — it 

In the case of — 6 the complications due to angular momentum exchange are of 
higher order in g 6 and are not captured by the eikonal approximation. Note that Sqq 
is in fact divergent because 1$ is logarithmically divergent. The formal expression for 
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the phase shift is nevertheless of interest as it will also emerge (with the same caveats) 
from string theory. With our conventions a positive phase shift signals an attractive 
force. Only the 6-brane is repulsive, and then only for small v. Note however that the 
concept of a force, and that of a potential, is quite subtle in this context because of 
the velocity dependent nature of the interaction. The phase shifts are unambiguous, 
of course, and a potential can be formally defined from them. 

It is instructive to compare the validity of the eikonal approximation for different 
values of p. The requirement is that we should be able to expand the square root in 
the phase shift. Using the fact that (p 2 — J 2 /r 2 ) is O(p 2 ) throughout the important 
region of the phase shift integral we can easily show that the eikonal expansion can 
be made when[]: 

% (40) 



b 7 -P 

Here a = 2 for (0 - 0, - 2, - 6), a = in the - 4 case, and a = -2 for - 0. 
In the fully relativistic regime where v ~ 1 the distinctions between the various cases 
disappear. For very small velocities we see that, for — 0, the eikonal approximation 
remains valid even for impact parameters much smaller than the scale set by q p . In 
string theory this raises the interesting possibility of a simple approximation scheme, 
valid well below the string scale. The precise conditions obtained in Eq. |4(] from 
kinematical reasoning agree with those observed in |§. There they were understood 
from non-renormalization theorems by noting that, in the limit of vanishing velocity, 
the different cases p = 0,2,6, p = 4, and p = preserve none, |, and \ of the 
supersymmetry, respectively. 

2.7 Charge quantization 

In the string theoretic calculation (reviewed in Sec. ^) the velocity dependence of 
phase shifts is parametrized by the function: 

(8-2p) + 4sinh 2 7re=F<5p,o8cosh7re 
4 smh Tie 

where cosli7re = yj=f • The supergravity phase shifts can also be written in terms of 
F p {v) as: 

Recall that q p are charges that appear as coefficients in the harmonic functions 
D p = 1 + As shown in Appendix |A] using purely semiclassical reasoning, the q p 
are related to the quantized charge i.e. the number of branes n p , through: 

f~ p g 

% = Tjtr, — u p ( 43 ) 

1 A careful examination is required to reach this conclusion because pl — J 2 /r 2 = at the turning 
point. However, it is sufficient that p 2 — J 2 jr 2 remains of O(p 2 ) in the bulk of the important region 
of the integral. 
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The string length is l s = 2'K\fa' and the volume of S 6 _ p is: 

7-p 

2ir 2 

= ^ («) 

We also need the 0-brane mass fx = f 2 ^. In terms of these quantities, the supergravity 
phase shifts are: 

2<W = T -^H n p F p (v) . (45) 

Arc— o 

In this form the supergravity phase shifts can be compared with results from string 
theory. 

3 String Theory 

The — p brane scattering phase-shifts have also been calculated in string theory to 
the leading order in the genus expansion || |J. The result is: 

f°° dt _ tb 2 

2d o P = / 7TT e ^BpJp (46) 
jo 2nt 



where 
B„ 



Jr _ ^^.^^^^g^rtlg, 

The functions /, and 0, are modular functions in the standard notation |Tj| [lTj and 
q = e . 

3.1 Closed String Expansion 

At large distances the amplitudes are dominated by the exchange of massless closed 
string states with massive states damped at scales of order a'. This regime is dom- 
inated by small values of t in the integral Eq. ^6|. The behavior of the integrand 
for small t is found by a modular transformation followed by expansion in e~~ . The 
result is: 

B P J P ~ 2- E ^Tit^ E Fp(v) (48) 

where F p was introduced in Eq. |4l]. The phase-shift should also be multiplied with 
n p , the number of target branes. Inserting Eq. ^8] in Eq. [16], and applying the formula 



o 



j-p tb 2 ^,6 — ». ,27ra'.6- P 
dt t— = r(-^) (-gr)— (49) 



the phase-shift becomes: 



25o P = -A^n^ir) (|) 6 ' P n p F p {v) (50) 

47T~2- 2 

This is the same as the supergravity expression Eq. |35|. It has not been checked before 
that this agreement indeed holds to all orders in v as it should. 
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3.2 Open String Expansion 



At distances much smaller than the string length the interaction is dominated by 
open strings stretching between the target and the probe. The appropriate terms are 
isolated by expanding the integrand of Eq. ^6] for large t. We only know the string 
theory amplitudes in the eikonal approximation and for p = 0, 2, 6 this is only valid 
at distances much larger than the string length; so there is no regime dominated by 
open strings and also captured by the eikonal approximation. Accordingly, for these 
cases the integration giving the phase shift Eq. ^ diverges at small t when the large 
t approximations to the kernels are inserted. On the other hand, for p = and v 
very small, the eikonal approximation is valid at much smaller distances and there is 
a regime where open strings dominate in a controlled way. In fact, this is also true 
for p = 4 ||. Recalling that 7re ~ v for small v and expanding the integrand of Eq. |46] 
for large t gives: 

„ T 12 + 4cos2wt — 16coswt A (1 — cos ft) 2 

B J ^ vr — = 4vr : 51 

2 sin vt sin vt 

BiJi * 2, l - CO " Vt (52) 
sin vt 

Inserting these expressions into Eq. |46], the open string approximation to the phase 



shift is obtained. A surprising feature is noticed directly from Eqs. 51-62: expanding 



to the leading order in v, the closed string approximation Eq. [48] is recovered to leading 
order in v from the open string string approximation for p = 0,4. Equivalently, at 
leading order in small velocities, the phase shifts at long distances agree exactly, 
including coefficients, with the phase shifts at short distances. This means that the 
short distance, open string expansion can be used to reproduce the results of the large 
distance, closed string expansion. In the regime of agreement these calculations also 
agree with the eikonal approximation to supergravity. The realization that 0-branes 
are able to probe spacetime at very small distances while, in this manner, capturing 
low energy gravity at large distances, has led to the idea that 0-branes may have a 
particularly fundamental role in the final theory. The next section studies approaches 
by which we can try to extend the phase shift agreements between the open string 
approximation and supergravity to beyond the leading order in velocity. 



4 0-brane Quantum Mechanics 

In the preceding section the open string approximation to the kernels, Eq. |5l| and 
Eq. B^, was found by explicitly expanding the exact one-loop expression Eq. f|B[ 
There is an alternative perspective on the truncation to open string modes that leads 
directly to the same expressions M. Here one considers the effective Lagrangian 
governing the low velocity interaction of n 0-branes: 

£ = TrF Q/3 F a/3 + XT a D a X (53) 
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where 



F aP = d a A p - d p A a + [A a , A p ] (54) 
D a X = (d a + A a )X (55) 

should be truncated to quantum mechanics (i.e. spatial derivatives omitted). The 
fields are in the fundamental representation of SU(n). This Lagrangian represents, 
in a condensed form, all the amplitudes that can be derived using only the lightest 
open strings running between n 0-branes. For example, — scattering with velocity 
v and impact parameter b can be described in this formalism by imposing the VEVs: 

(X 1 ) = vt^a 3 (56) 

(X 2 ) = b l -a 3 (57) 

on the SU(2) fields X a = 2ira'A a . The only subtlety that enters the calculation is 
that gauge fixing and the accompanying ghost terms must be considered carefully. 
(Some intermediate steps are written explicitly in IJTJJ]). The leading contributions 
to phase shifts derive from fluctuations and can be expressed as determinants arising 
from the quadratic terms in the Lagrangian. The heat kernel representation of these 
determinants reproduces the integral Eq. HQ with kernel Eq. [51]. Specifically, the 



phase shift at large impact parameter derived from the 0-brane Lagrangian in Eq. |53 
agrees at small velocities with the one derived from supergravity. 

It is tremendously interesting that a theory based on such a simple Lagrangian, 
with no manifest appearance of familiar geometric concepts, nevertheless reproduces 
supergravity at large distances, although only at small velocities. A natural elab- 
oration is to attempt also to account for the fully relativistic phase shift at long 
distances. One strategy is to augment the Lagrangian Eq. [53] with additional terms. 
This is natural because the role of velocity is played by the electric field in the 
world volume theory; so relativistic velocities correspond to strong fields where the 
effective interaction for 0-branes is the Born-Infeld Lagrangian, rather than its weak 
field limit in Eq. [5^. Unfortunately, the complete supersymmetric non-abelian Born- 
Infeld Lagrangian is not known. However, any such Lagrangian must reduce to the 



known supersymmetrization of the Born-Infeld Lagrangian in the abelian limit W§ 



and should have a bosonic part that agrees with the recently derived non-abelian 
Born-Infeld Lagrangian that is valid up to certain ordering ambiguities that are yet 
to be understood |2D) . For the present preliminary investigation we shall assume such 
a Lagrangian: 



C = -yj-det M af3 = -yJ-(M Q0 - MoiMVM^y/det My (58) 

where 

M a(3 = r] a(3 + F a(3 - 2\T a D/3\ + XT^DaX XT^DpX . (59) 

Here a, (3 — 0, • • • , 9 and i, j = 1, • ■ • , 9. Assuming VEVs of the form Eqs. |5T)| - |5T| the 
quadratic part of the Lagrangian becomes 



Auad = -VT^[l + T -^[--(F^-(F 0l } 2 ) + -v 2 F^} + -F^+ (60) 
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V 2 



[A(r A) - v 2 T 1 D 1 )X + vX(T D 1 - T 1 D )X] - XT^X] 



Taking a gauge fixed version of this quadratic action as a starting point, determinants 
can be evaluated as in the weak field calculation of || and a phase shift determined. 
It is: 

f°° dt tb 2 (1-COS-r^t) 2 

Soo = / — e-& 4 / , l~ v2 ] (61) 
Jo 2nt sm -r-^t 

This phase shift, derived from a supersymmetrized nonabelian Born-Infeld action, is 
exactly the same as the integral Eq. ^ with the open-string, non-relativistic kernel 
Eq. |51] modified by the replacement: 

(62) 



1 - v 



2 



It is a check on our procedure and algebra that the integral Eq. 61 suffers no divergence 



at small t. At large impact parameters the phase-shift becomes: 

1 ,Ls« i, v 



00 - —It) 6 t(t— -f (63) 



Unfortunately, this does not reproduce the relativistic expression 



1 X, 6 (l- vT^ 



2\2 



2 ^oo * ^ar - — : „ ' (64) 



even though the proposed corrections indeed contribute terms that are leading in 
distance and subleading in velocity. Of course the non-abelian Born-Infeld action 
Eq. is perhaps not entirely accurate and the result is therefore preliminary. On 
the other hand the correct relativistic generalization of the open string kernel (Eq. [51]) 
must have a very restricted form for the integral Eq. |6l] to be finite and it is difficult to 
imagine any prescription that would yield Eq. |64j. Our procedure gives a very natural 
generalization of the open string kernel given in Eq. |5l|. However, this improvement 
is not sufficient to recover the full relativistic velocity dependence for — scattering. 

It should be emphasized that we do not know any systematic argument that 
an agreement with the relativistic results should be expected from our calculation 
that only uses an improved Lagrangian for the massless open string modes in the 
0-brane theory. It is possible, for example, that the massive states of theory must be 
included. Our point is simply that the relativistic corrections from the open string 
point of view probably involve entirely different and more complicated physics than 
the non-relativistic treatment. This was already suspected of course, but the present 
calculation adds a new perspective. 



5 M(atrix) theory 

Many of the string theory dualities derive from the relationship of the string theo- 
ries in 10 dimensions to the conjectural M-theory in 11 dimensions that reduces to 
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supergravity at large scales. It has been recently suggested that M-theory can be 
defined non-perturbatively in the infinite momentum frame as the large n limit of the 
SU(n) matrix model governing the low energy dynamics of a n 0-branes [fTI |. For 



the M(atrix) proposal to succeed, it must reproduce the supergravity phase shifts 
for scattering of p-branes derived in this paper. The fact that the 0-brane quantum 
mechanics discussed in Sec. |] reproduces supergravity results to leading order in ve- 
locity M, coupled with the kinematics of the infinite momentum frame, has enabled 
the M(atrix) model to successfully reproduce p-brane scattering to leading order in 
velocity [[□], [H], [Tj|. In this section we show explicitly how this correspondence fails 
at higher order in velocity and discuss what it would take to improve the matching. 

The kinematics of the M(atrix) model imply that the 2-branes of the theory are 
bound to a large number of 0-branes. To study such systems we consider scattering of 
0-branes from a bound state of 0-branes and 2-branes. This process can be analyzed in 
supergravity and in string theory. The phase-shifts at large distances are complicated 
functions of two variables that, as we shall show, agree in the two descriptions. For 
small transverse velocities and large boosts in the compact 11th dimension, M(atrix) 
theory reproduces these results; indeed this is a remarkable success of the proposal. 
As we shall discuss it is not yet known how to calculate the full functions of velocity 
that we derive here purely within the framework of M(atrix)-theory. 

5.1 (2+0) Solutions in Supergravity 

The Ramond-Ramond gauge field that couples to the 0-brane in 10 dimensions is 
simply the Kaluza-Klein component of the metric in the compactification of 11 di- 
mensional supergravity on a circle. Therefore, from the point of view of supergravity, 
a bound state of a 2-brane with a collection of 0-branes can be constructed by boost- 
ing a 2 brane along the compact 11th dimension. Boosting the membrane in Eq. |8] 
gives the solution: 

ds 2 n = D 2 2/ \-dt 2 + dx 2 1 + dx 2 2 ) + D 1 2 /3 (dxl + --- + dx 2 11 ) (65) 
C 3 = (D 2 X — 1) dt A dx\ A dx 2 (66) 

2 



o 2 = 1 + 4 sl + !3lss^& m 

/yd j>0 

Here the coordinates t and Xn are the boosted ones: 

t = t cosh (3 + X\\ sinh j3 (68) 
Xn = t sinh (3 + Xu cosh (3 (69) 

and we have restored the 3-form gauge field that was not written explicitly in Eq. [8[ 
When (3 = the 2-brane solution (Eq. ||) is recovered. As (3 — > oo with Q Q = 
Qtanh/5 « Q fixed, Eq. |55] reduces to the 0-brane solution lifted to 11 dimensions 
Eq. [TT], except that the harmonic function D = 1 + ^ has been replaced by D' = 
1 + % due to the compactification of dimensions parallel to the 2-brane. The precise 
relationship between charge parameters is QqujaI 2 = qo^6 where uik is the volume of the 
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unit k-sphere (Eq. H^). This can be derived by requiring that the two configurations 
carry identical quantized charge (as defined in Sec. [2.7|) or, equivalently, that their 



total charges agree when calculated using Gauss' law. 

The solution is compactified to 10 dimensions using Eq.[7] (for more details see 
also p2"| ). This yields 3-form and 1-form gauge fields: 

C tnn = I = cosh 3 - l) ™ (70) 

g ull r 5 \ r 5 J r 5 

As in previous sections we define physical charges using the asymptotic behaviour of 
the potentials. With this convention the 2-brane charge is q 2 = Q/ cosh/3 and the 
0-brane charge is Qq = Q tanh ft = q 2 sinh f3. These formulae can be understood 
physically as follows 2 . Due to the compactness of the 11th dimension a single 2-brane 
is described as a periodic array of 2-branes, each carrying a charge q 2 = P as measured 
in the boosted frame (t, xn). In the stationary frame (t, xu) the spacing of the periodic 
array in the 11th dimension is Lorentz-contracted by a factor of I/7 = 1/ cosh/3. 
The density of 2-branes is increased accordingly so that, after compactification, the 
apparent 2-brane charge becomes q 2 = P cosh/? — Q/ cosh/5 as derived explicitly 
in Eq. [70]. Similarly the 0-brane charge can be understood by writing it as Qo = 
q 2 wj\J\ — w 2 where the velocity w of the 2-brane in the 11th dimension is related to 
the boost through cosh j3 = ^ x _ w i ■ Since the charge and mass of the 2-brane are equal 
we recognize the 0-brane charge as being simply equal to the relativistic momentum 
of the 2-brane in the 11th dimension. 

5.2 0-(2+0) Scattering in Supergravity 

Having obtained the (2+0) solution in 11 dimensions in Eq. |65]it is straightforward to 
apply the Hamilton- Jacobi method of Sec. [TT] to analyze scattering of 0-branes from 
this background. The 0-brane trajectory is planar and the Hamilton- Jacobi equation 
becomes: 

- 

Qr J r 2 

sinh/5-- — cosh 1 =0 (72) 
at oxn ' 

Using the definitions of conserved quantities Eqs. [TT)| - |T2"| and the kinematical relations 





Eqs. p0-33, we find the eikonal approximation to the supergravity phase shifts as in 



previous sections: 



( Ql cosh 2 13 \ (E sinh g - p„ cosh/3)' 2 + (g 2 - j? n ) 



2 A similar discussion appears in [p~8| in the context of brane-antibrane scattering in M(atrix) 
theory. 
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' (Q/ cosh 2 /3) \ 1 v 2 + (sinh /? - cosh /^v 7 !^ 2 



,2 



^0/2 ~ n P (74) 



Here i? is the velocity of the probe 0-brane, b is the impact parameter and I 2 is defined 
in Eq. |3fJ. Introducing a boost parameter v = tanh 7re to describe the 10 dimensional 
velocity of the 0-brane, after a little algebra the phase shift for 0-(2+0) scattering can 
be compactly written as: 

„ x ^ Voh n (tanh/3-cosli7re) 2 

2<Vo+2 ~ -77- Q rr (75) 

o 4 sinh 7re 

The construction of the (2+0) solution related the boost parameter (3 to the charge 
parameters as sinh (3 — ^ and we also found that Qo^4^ 2 — <?o^6- From these relations 



and the quantization conditions of Sec. |2.7| we find that the boost in the compact 11th 
dimension is quantized as sinh (3 = ^ . 



Putting all of this together we can rewrite Eq. [75] in terms of the number of 
2-branes and 0-branes as: 



2<W - V^ 2 -L (^=k^ - (76) 



47T 2 V \/l + (22)2 y/i 



K n ■ 



V 



This equation gives the phase shift for large impact parameter to all orders in velocity 
for scattering of a 0-brane off a bound state of n Q 0-branes and n 2 2-branes. In the 
2-brane limit (n 2 — > 00) and in the 0-brane limit (no — > 00), the phase shift reduces to 
the 0-2 and 0-0 results in Eq. |45|. Note that, when inspecting Eq. |45| in the — case, 
the two compact dimensions parallel to the 2-brane must be averaged over, resulting 
in the replacement (y) 6 — > ~ (y) 4 . An important point is that for general sinh (3 — ^ 
the phase shift Eq. [76] cannot be separated unambiguously into 0-brane and 2-brane 
contributions. 



5.3 0-(2+0) Scattering in String Theory 

We can compare the supergravity phase shift in Eq. [TTJ with the results from string 
theory where n 2 2-branes are bound to n 0-branes by turning on a magnetic flux on 
the 2-brane |23|, [21], [18]]. When the flux is 2na'F 12 = cot ttt] and the probe velocity is 
v = tanh(7re) the cylinder amplitude for 0-(2+0) scattering becomes 

r°° dt 



25 ,o + 2 = n 2 r —e- tb2 l W ( B J) , +2 (77) 
Jo Ant 



where 



1 &M*t) r (f»Y &2(rjt\it) Q 2 (et\it) 

{BJ)ofi+2 ~ ^^W h uJ e 2 (o|it) + 

. G 3 {rft\U)Q 3 {et\U) ffA 6 . Q^rjt\U)Q 4 {et\it) 

l ex(rft\it) e 3 (o\it) l/J 'e^rjtiit) e 4 (o\u) 1 [ 
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For large impact parameter b it is appropriate to isolate contributions from the lightest 



closed strings as described in Sec. |3.1| . This corresponds to expansion for small t which 
gives: 

(BJ) W2 M arf (C ° S 7- C ° 3h " )2 (79) 
smh7re sinur] 

and the phase shift becomes: 

1 l s 4 (cos7T77-cosh7re) 2 

^0,0+2 ~ -j— o I TV r T : t° U >> 

47r^ o smh7re sin 71-77 
The 0-brane charge induced by the flux is 

tiq = — / F = 2ira'ri2Fi2 = ^cotin] (81) 

Here we have used the fact that in this paper the moduli were set to unity to avoid 
cumbersome notation; i.e. the lengths of the compact dimensions were chosen to be 
l s = 27tyo/ giving a volume of l 2 s for the 2-torus on which the 2-brane is wrapped. 
In the supergravity calculations 0-brane charge arises from momentum in the 11th 
dimension and is parametrized by the boost f3. Using Eq. |81] and the relation sinh (3 = 
n /n 2 from the previous section we find that cot 71-77 = sinh/3 = The physical 
interpretation is simply that the momentum density on the 2-brane is the same as 
the 0-brane charge density on the 2-brane. Trigonometric identities and the relation 
cosh7re = ^^_ v 'i now let us rewrite the string theory phase shift as: 



2 W y^V_ ( ^^ ( _^__J_ f (82) 

This is exactly the same as the supergravity result Eq. [76|. Previous comparisons 
between supergravity and string theory at large distances often assumed small im- 
pact velocity and large boost in the 11th dimension (i.e. uq ^> 712) -0 Here we find 
agreement between the full functional dependence on both these parameters. 



5.4 0-(2+0) Scattering in M(atrix) Theory 

The bound state between a 2-brane and large numbers of 0-branes is of particular 
interest because it is this composite object that appears in M(atrix)-theory where the 
fundamental objects - indeed the only objects - are 0-branes. In M(atrix) theory the 
calculation of phase shifts proceeds using the 0-brane quantum mechanics of Sec. f|. 
In this formalism an admixture of two-branes can be included by introducing fluxes 

3 After this paper was completed we became aware that the preprint p3[ compares the full depen- 
dence on no and 712 , at leading order in velocity for the closely related process of 2-branes scattering 
off a (4+2) bound state. The same paper also compares the relativistic scattering of 0-branes from a 
(4+2) bound state and reports agreement between the velocity dependent potential computed from 
string theory and supergravity to all orders in velocity. 
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in the large n O-brane theory. The precise correspondence between the fluxes and 
the charges is |L1, 24| : 



-[Xi,X 2 ] = it&mrr] I = i— I (83) 



27ra' ' rio 

The last equality is identical to Eq. [H]; so the parameter 77 introduced here can be 
identified with the one that entered the string theory calculation. Note however 
that, because of the boosted kinematics in M(atrix) theory, it is assumed a priori 
that tan7r?7 « -kt] <C 1 and also that the transverse velocity of the probe O-brane is 
v = tanli7re ~ 7re <C 1. The phase shift for scattering a O-brane off this configuration 
of M(atrix) theory is: 

f dt b 2 t , ( cos lint — cosh vt) 2 , lS 

2S„, +0 = n 2 J — e-^ 4, (84) 



In fact, this expression has only been derived for n 2 = 1 from the Matrix model 
PSA. In that case it follows from the exact solution of a quantum mechanics problem 



involving numerous harmonic oscillators. The numerator derives from small shifts in 
the energy levels due to the background fields. The VEV in Eq. [S7j that introduces 
the impact parameter acts as a mass term: hence the exponential damping with 
parameter b 2 . Moreover, the magnetic field (Eq. ^) also formally introduces a mass 
term which however is an operator that, after diagonalization and summation over 
the resulting "Landau" levels, gives the 2sin7r?7t in the denominator. 

The scattering of a O-brane off a bound state of 0-branes with fluxes can also be 
analyzed in string theory and is T-dual to the calculation described in the preceding 
section. In the string formalism Eq. |83| arises as an expansion keeping only the 
lightest open string modes of Eq. |78|. In fact we actually arrived at Eq. |84] using 
this method. Treating configurations with n 2 > 1 directly within the Matrix model 
involves subtleties regarding the twisting of states of the O-brane gauge theory with 
flux that we are in the process of studying. 

Treating both r] and v as quantities of order l/n we expand Eq. |&| for large n 
and find 

2W2Kno _L ( ^i. [( ^ + „ T . (g5) 

This agrees with Eq. [76], expanded for large n ; so, to leading order in l/n M(atrix) 
theory reproduces the supergravity results at large distances. (Note again that the 
phase shifts have only been calculated directly for n 2 = 1 in the M(atrix) approach.) 
In previous calculations the supergravity side of this equality was established by either 
boosting a potential inferred from the — 2 phase shift 0] Q' or ^ expanding results 



from closed string theory JTj|. In contrast we carried out the boost explicitly on 



the supergravity solution, checked that it agrees with the string theory result to all 
orders in velocity, and then proceeded to a direct and successful comparison between 
supergravity and M(atrix) theory. 

4 In this approach a numerical discrepancy was reported. 
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The phase shift at leading order in the impact parameter can be isolated from 
Eq. |84| by expanding to leading order in t. It is evident that the resulting phase shift 
includes only the leading order term in velocity; so it certainly can not match the 
relativistic velocity dependence of the supergravity phase shift. Of course, the highly 
boosted kinematics of the M(atrix) model implies that terms that are subleading in 
velocity are suppressed by powers of 1/uq so that the relativistic corrections are indeed 
small. On the other hand it might have been suspected that using the kinematic 
trick of first boosting to the infinite momentum frame, calculating nonrelativistic 
amplitudes, and then deboosting would permit a successful calculation of relativistic 
amplitudes in the stationary frame. Our calculation directly in the boosted frame 
shows that this is not possible. 

The leading long distance supergravity phase shift in Eq. [76| depends in general 
on the probe velocity and two parameters - 112 and Uq, the number of 2-branes and 
the number of 0-branes in the bound state. The rather intricate dependence on these 
parameters reflects the kinematics of scattering in 11 dimensions. Recovering the 
complete functional form in the M(atrix) formalism, and not just the leading terms 
in v and l/n Q , will require control of l/n corrections that has not been achieved at 
present. It is also possible that the M(atrix) Lagrangian will have to be improved, 
although the obvious improvement via a nonabelian Born-Infeld action does not seem 
to be sufficient, as shown in Section |4j. It is clear that much more thought is nec- 
essary to fully recover the Lorentz invariant structure of supergravity from M(atrix) 
theory. Of course, this was already recognized for other reasons, but the scattering 
calculations of this paper add another perspective and provide a concrete functional 
form that should eventually be matched. 

6 Conclusion 

In this paper we have developed a technique for computing, within supergravity, the 
large impact parameter phase shifts for scattering of 0-branes from p-branes and 
bound states of p-branes. Our results are accurate to the leading order in impact 
parameter and to all orders in velocity. We have shown that phase shifts computed 
in string theory for large distance scattering of D-branes agree to all orders in ve- 
locity with our supergravity results. The phase shifts for 0-brane scattering can also 
be reproduced to leading order in velocity using the quantum mechanics governing 
a collection of 0-branes. Since this leading order matching has been so important 
in recent attempts to construct a non-perturbative definition of M-theory, we at- 
tempted to extend the matching to relativistic velocities. Our attempt involved a 
natural extension of the 0-brane effective Lagrangian to situations involving relativis- 
tic velocities - the nonabelian Born-Infeld action. Although this improved action 
contributed terms to the leading large distance phase shift that were subleading in 
velocity , they proved insufficient to restore agreement with supergravity. We then 
also compared the scattering of 0-branes from the 2-branes of SU(n) M(atrix) theory 
to the analogous processes in supergravity. The kinematics of M(atrix) theory implies 
that the 2-branes of the theory are bound to a large number of 0-branes. Using the 
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techniques developed in this paper we computed, to all orders in velocity, the super- 
gravity scattering of 0-branes from 2-branes bound to a large number of 0-branes. 
The expressions fail to match M(atrix) theory results beyond the leading order in 
velocity. This shows that interactions of order 1/n will have to be accounted for more 
carefully in the M(atrix) approach in order to successfully reproduce supergravity. 
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A Derivation of Charge Quantization 

In this Appendix we turn to the derivation of Eq. |43|. The standard reasoning is 
to identify the p-branes in supergravity with D-branes in string theory and follow 



world sheet considerations ]I6 |. In the following we recover the same result using 
semiclassical methods in supergravity, using the method of |25 ]. The p-branes eqs. |3|- 
^| are solutions to the equations of motion that follow from: 

L = TekJ dWx ^ 2t *- MR + SfrVW (86) 

For p = this Lagrangian follows from that of pure gravity in 11 dimensions, com- 
pactified to 10 dimensions using the Kaluza-Klein ansatz Eq. [7]. By this reasoning it 
also follows from the periodicity of the 11th dimension that gauge functions satisfy 
the periodic identification A = A+g st l s . Insisting that, after further compactification, 
the p-branes for various values of p are related by T-duality, the periodicity condition 
can be extended to all values of p. This simply assumes that the classical T-duality 
of the full Lagrangian can be extended to the semiclassical regime. Now, variation 
and integration by parts gives: 

SL = — — f F rt ^-^dS s f dt (87) 



16ttG 



N 



with no sum over repeated indices. The brane is invariant under gauge transforma- 
tions so only the boundary term at infinity contributes. This is the crucial non-trivial 
property employed. As gauge variation we choose a pure gauge that depends only 
on time with A (Ul ... (Uj) (oo) — A Ml ... Mp (— oo) = g s Js- The only non-zero component of the 
field strength is F^...^ = d r D p l so the charge is normalized as 

J F rtn dS% = qp{ y _ p )u; 8 _ p lP = 2<Kq p u^ p l p s ■ 
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Signs are of no concern in these manipulations and the position of indices is irrelevant 
in flat space. Finally, using the relation between Newton's coupling constant and the 
string length 1g * = -l 2 ^ the variation becomes 



5L = ^7s 27r Q P ^-pl p s gJs = 7 _p • (89) 

The invariance of wave functions under gauge transformation quantizes this variation 
as 2nn p and we find: 

* = < 90) 

as stated in Eq. |43|. In the derivation we included for simplicity no moduli but they 
could easily be restored. This convention corresponds to compactification on tori with 
the selfdual radius R = \fa! : . 
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